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Sunscreens protect from UV radiation, a carcinogen also responsible for sunburns and age-associated
dryness. In order to anticipate the transmission of light through UV protection containing scattering
particles, we implement electromagnetic models, using numerical methods for solving Maxwell’s equations. After having our models validated, we compare several calculation methods: differential method,
scattering by a set of parallel cylinders, or Mie scattering. The field of application and benefits of each
method are studied and examples using the appropriate method are described. © 2014 Optical Society
of America
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1. Introduction

UV radiation can penetrate into skin and trigger
vitamin D3 synthesis [1] useful to skeletal maintenance. On the contrary, too much exposure is a carcinogen [2] (radiation induces DNA mutations). Skin
cancers affect more than 1.5 million Americans each
year [3] and sunscreens are widely used to protect
against radiation risks.
In order to assist chemical formulation of sunscreens and also to apprehend the way they protect,
several modeling methods exist. Sunscreens are
complex media that are usually modelized using
the Beer–Lambert law [4–8] and Monte Carlo
methods [9,10].
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We propose other ways to model sunscreens, using
electromagnetic calculations (Mie scattering, differential method, or scattering by a set of parallel
cylinders). Unlike the models mentioned above,
these electromagnetic calculations have a wide field
of application: we can model chemical organic filters
or mineral ones, on different substrates (in vitro or
in vivo).
To do so, we have to image the cream distribution
on a substrate. This knowledge allows us to compute
the cream extinction using differential methods.
Theses calculations have been compared to a model
widely used in the sunscreen simulation field (stepfilm model [11]) in the case of chemical filters and
measurements in the case of mineral filters.
Then, other methods using Mie theory or scattering by a set of parallel cylinders are used and
compared to differential methods: depending on
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the type of calculation desired, one or another
method will be chosen. We conclude by giving some
examples that illustrate the type of calculations we
are able to handle.
2. Description of the System

In order to calculate the transmission of spread UV
protection, the knowledge of optical and geometrical
parameters is required.
A.

Cream

A sunscreen is an emulsion of several phases,
containing many ingredients such as filters (for example, phenylbenzimidazole sulfonic acid, octrocrylene, avobenzone, or TiO2 ), emulsifier (for instance,
ceteareth-20), solvent (such as water, oil, or butylen
glycol) or preservative (for example, methylparaben
or propylparaben).
Filters are the main compounds that provide the
sunscreen efficiency. We can distinguish two types:
• The chemical ones (for example, octocrylene)
that are organic molecules absorbing selectively ultraviolet light
• The mineral ones (such as TiO2 ) that are inorganic particles that scatter and may absorb some
of UV radiation (Fig. 1).
Creams are usually emulsions but we assume that
the water evaporates as the cream is spread. Thus,
the medium surrounding the particles is considered
homogeneous.
B.

Substrate

The sunscreen is mostly spread on two kinds of substrates (Fig. 2):
• The skin and its uppermost layer, the stratum
corneum, is the substrate used to determine the
sunblock efficiency [the sun protection factor (SPF)].
• The poly(methyl methacrylate) (PMMA) substrate is used to determine an evaluation of the
SPF in vitro.
As we can see (Fig. 2), the skin and PMMA
substrate do not have the same roughness: skin is
constituted of large plateaus separated by furrows
of variable but large depths, whereas PMMA plates
are a more granular substrates [5]. For easier

Fig. 1. Principle of UV protection by light scattering: UV radiations are scattered in all directions. The transmitted light loses
energy by traveling a longer path, being reflected, or being
absorbed by particles.
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Fig. 2. Image of (a) a stratum corneum from abdomen, and (b) a
PMMA plate, obtained by optical coherence tomography (OCT).

comparison with experimental data, we choose to
model the transmission of a spread amount of
sunscreen (1.2 mg∕cm2 ) on a PMMA substrate (purchased from Helioscience).
C.

Sunscreen Efficiency Measurements

The SPF gives an indication of UV protection in vivo.
It consists of the measurement of the amount of
UV radiation required to cause sunburn on skin with
the sunscreen on, as a multiple of the amount required without the sunscreen [12]. To compare
sunscreens in vitro, a method has been developed
using a substrate [4]. This method consists of a measurement of the transmission of the sunscreen applied on a substrate using a spectrometer (Fig. 3).
The spectrometer measures the quantity of light
arriving in the integrating sphere. The light scattered by the sample (especially by the inorganic particles) is consequently taken into account. The
wavelengths studied by this method are between
290 and 400 nm. Note that the whole transmitted
light does not arrive in the integrating sphere, depending on the distance between the sample and
the sphere but also of the size of sphere entrance.
The characteristics of the setup used in this paper
are detailed in Fig. 3.

Fig. 3. Description of the sunscreen efficiency measurement in vitro and characteristics of the setup used. The angle α, representing
the maximum scattered angle measured, is thus nearly equal to 40°.

Fig. 4. Description of the OCT device used in this paper.

D.

Fig. 7. Passage from an OCT image to a computable sunscreen
distribution. In the case of chemical filters, the sunscreen is supposed homogeneous.

Evaluation of the Sunscreen Distribution

In order to evaluate the sunscreen distribution on
the substrate, we choose to image the sunscreen applied on a PMMA plate using an optical coherence
tomography (OCT) device (Fig. 4). The CCD and
the piezoelectric motor allow us to image the sample
in three dimensions.
An OCT image of a sunscreen applied
(1.2 mg∕cm2 ) on a PMMA plate directly (Fig. 5) does
not allow us to know the distribution of the
sunscreen.
The optical index contrast between the cream and
the substrate is very low because their refractive indices are similar: the refractive index of the PMMA is
1.49 and the sunscreen is typically between 1.4 and
1.5 (depending on the oil used).
In order to distinguish this interface, we deposit a
metallic thin film (thickness around 20 nm) on the
PMMA before applying the sunscreen. Thus the interface between the cream and the substrate is
clearly visible on the images (Fig. 6).
These images allow us to know precisely the distribution of the sunscreen on the substrate (Figs. 7
and 8).

Fig. 5. OCT image of a sunscreen applied on a PMMA plate.

Fig. 8. Passage from an OCT image to a computable sunscreen
distribution. If the filters are particles, they are represented by
disks (red disks in the figure).

This distribution will be used to determine the
sunscreen efficiency, using an electromagnetic calculation model.
3. Models of a Chemical Filters Sunscreen
A. Step-Film Model

In order to anticipate the transmission of the cream
on the PMMA substrate, a model is widely used: the
so-called step-film model [4–8].
This model does not take into account any inhomogeneity into the cream; therefore, it is particularly
adapted to chemical creams.
Considering Iλ; X the intensity of the transmitted light, I 0 λ of the incident light, α the absorption
coefficient, and X the length of the optical path, the
Beer–Lambert law can be written:
Iλ; X  I 0 λ exp−αX:

Fig. 6. OCT image of a sunscreen applied on a PMMA plate after
the spread of a metallic thin film on the substrate.

(1)

The idea of this model is to consider the cream as
an homogeneous absorber (α do not depend on the position) with a nonuniform distribution on the substrate (the optical path X varies). The simplest
step-film model consists of two different thicknesses
[4] (Fig. 9). For each thickness X 1 and X 2 , a sunscreen quantity normalized F 1 and F 2 is associated.
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Fig. 9. Description of the step-film model.

In that case, the transmission T  I∕I 0 is written
T  F 1 exp−αX 1   F 2 exp−αX 2 :

(2)

This model can be more accurate by taking into account not only two different thicknesses but an infinity number of it [6]. The values of the quantities F
associated correspond to the distribution of the sunscreen on the substrate. Ferrero et al. [6] have chosen
to write the function X depending on F as a gamma
function, and have determined the coefficients by
comparing the transmission of the model and the
measured one.
The BASF Simulator [11], based on the step-film
model can, for example, give the extinction of a
chemical sunscreen (Fig. 10) using the following filters: 3% of avobenzone, 10% of octrocrylene, and 1%
of ensulizole.
Chemical filters can be degraded over time so the
BASF Simulator calculates the extinction with the
modification of α over time. This degradation, depending on the wavelength, will not be studied in this
paper.
B.

Differential Method: Model Description

In order to model a cream applied on a PMMA substrate measured by a spectrometer we use a differential method to solve Maxwell’s equations. The
method is fully described in other publications
[12–14]. We consider three areas (Fig. 11). The superstrate (air) above the cream and the substrate below
are assumed homogenous, linear, and isotropic.
In order to simplify the calculations, we assume
that the structure is invariant along the y axis.
This method is therefore a 2D method. The refractive

Fig. 11. Description of the three areas used in the differential
method.

index of the modulated area is obtained from the
OCT images. A detailed description of the differential method is beyond the scope of this paper but
we give below a few basic elements of the theory.
The incident light is assumed to be a plane wave.
We choose to calculate the transmission for transverse electric waves for normal incidence, but the
transverse magnetic waves and others incidences
are also computable.
E is the electric field so the Helmholtz equation is
written as
ΔE  k2 x; zE  0;

(3)

where k is the wavenumber,
k

2πn
;
λ

(4)

with n the refractive index at the point considered,
and λ the wavelength.
Given the structure geometry, Eq. (3) can be written as
∂2
∂2
E
x;
z

−
Ey x; z − k2 x; zEy x; z:
y
∂z2
∂x2

(5)

The Fourier transform of Eq. (5) gives
∂2
Êy σ; z  σ 2 Êy σ; z − k2 ⊗ Êy σ; z:
∂z2

(6)

We then discretize σ stating that σ ν  σ 0  νΔσ,
where ν < N is an integer. Note that it implies that
we consider a periodic structure, i.e., a rough gratings whose period is given by Fig. 12. Thus, the diffracted far field consists of a discrete finite number of
plane waves: the order of the gratings.
Equation (6), after being discretized, can be rewritten as a matrix equation:
Vz  Tz; z0 Vz0 ;

Fig. 10. Extinction of a chemical filters sunscreen using the stepfilm model. The dashed and the continuous red lines correspond
respectively to the chemical compounds degraded and not degraded [11].
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where Vz is a matrix containing the vectors Ê and
∂2 ∕∂z2 Ê. T can be calculated using Runge–Kutta
algorithm.
We then calculate the sum of the transmitted
efficiencies, where an efficiency associated to a
diffracted order corresponds to the Poynting flux

step-film model. This means that the cream distribution evaluated by the OCT device (Fig. 12) leads to
a proper model.
4. Models of Sunscreen Containing Particles
A. Step-Film Model and Differential Method

Fig. 12. Cross-cuts from 55 μm long OCT images. The air is represented in blue, the sunscreen in white, and the substrate (PMMA
plate) in salmon color.

through a parallel surface of the modulated area, divided by the incident flux through the same surface.
C.

Cream Distribution

Substantial differences can be observed depending
on the location on the image: the distribution and
the quantity of cream are not the same on all the
areas on the PMMA plate [15]. In Fig. 12, we can find
a representative set of cream repartitions obtained
from OCT images.
From images of each area, we can calculate the extinction. Depending on the cross-cut the extinction
can evolve from 1 to 10 times its minimum value.
We calculate the transmission of the 15 cross-cuts,
and define the extinction using their mean value T.
The extinction is defined by E  − logT. We verified
that the set of 15 cross-cuts is representative since
we get the same E using another set of cross-cuts.

Particles scatter and may absorb some of the light,
that is why they are also used as UV filters (Fig. 1).
The differential method, previously described, can be
used to calculate the scattering of light through the
whole system, placing particles inside the modulated
area (Fig. 14).
In order to validate the differential method simulations, we compare the results obtained by the
differential method and measurements. We choose
a mineral sunscreen containing 10% of TiO2 (HOMBITAN, from FF-Pharma [16]). The particles are
randomly distributed and we calculate the extinction
(Fig. 15).
It is worth noting that the differential method allows us to fit properly the experimental results while
the step-film model results show clear discrepancies.
We will distinguish two regimes of scattering
(Fig. 16):
• Single scattering: there is usually no interaction
between the particles. It is the case if we have few

D. Comparison between the Differential Method and the
Step-Film Model

In order to validate this numerical model, we compare the results of the differential method to the
step-film model.
According to the results obtained (Fig. 13), the
calculations using the differential method fit the

Fig. 13. Comparison between sunscreen simulator results and
simulations using the differential method. The dashed and the
continuous red lines correspond to the step-film model (with chemicals compounds degraded and not degraded, respectively) [11].
The blue points correspond to the results of the differential method
simulations.

Fig. 14. Description of the three areas used in the differential
method. The modulated area contains particles.

Fig. 15. Extinction of a mineral sunscreen. The green lines correspond to spectrometer measurements on two different samples.
The blue points correspond to the results of simulations using the
differential method. The step-film model (represented by the red
line) did not match the measurements.
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Fig. 16. Extinction as a function of the particles quantity, for TiO2
spheres (diameter of 160 nm) and a wavelength of 310 nm. The
blue points are calculated using the differential method whereas
the red points correspond to single scattering; that is to say, the
extinction is linearly dependent on the concentration of particles.
Above 10% of mass fraction of particles multiple scattering become
significant.

Fig. 17. Description of the scattering by a set of parallel cylinders.

Around each cylinder, the field can be written as a
Fourier–Bessel development in the form
E

X
ν∈Z

particles; the extinction is proportional to the quantity of particles.
• Multiple scattering: the light scattered by a particle can be scattered again by another particle. The
extinction is no longer proportional to the quantity of
particles.
In the case of single scattering, the Beer–Lambert
law [Eq. (1)] can be used: the extinction is proportional to the quantity of particles.
Note that the wavelength, the material, or the
diameter of the particles change the limit of validity
of the models that do not take into account multiple
scattering. It also modifies the effective coefficient α
of the Beer–Lambert law. Electromagnetic models
are consequently more appropriate in order to study
several kinds of particles at any wavelength or concentration.
Nevertheless, the differential method leads to two
substantial drawbacks:
• It is a rather slow method. Thus, it is practically
limited to 2D models for our purpose. Taking a computer of 320 Go of RAM and an AMD processor
(2.3 GHz), the time calculation, at a wavelength of
290 nm, is 130 h.
• Every type of particle (for example metals) cannot be modeled. For example, metallic particles require 3D models.
Therefore, we describe others methods to model
the particles.
B.

Scattering by a Set of Parallel Cylinders

We will present a numerical method based on cylindrical Bessel function development of the electromagnetic fields around cylinders. It allows us to
compute the scattering of light by a set of parallel
cylinders.
We consider a set of parallel cylinders, all included
in a larger cylinder D (Fig. 17).
In the following lines, we give a sketch of the
method [17,18], assuming for simplicity that the E
field is parallel to the cylinders.
6542
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Aν J ν kr  Bν H 1
ν kr expiνθ;

(8)

where r and θ are the coordinates in the local system
attached to the cylinder, Aν and Bν are the coefficients of the incident and scattered fields on the
cylinder.
The relationship between the Bν and Aν coefficients is given by the scattering matrix of each cylinder that express trivially for cylinders with circular
cross section.
The field scattered by each cylinder must be considered as an incident field upon all the other cylinders. The translation’s formulas for Bessel functions
(Graf ’s addition theorem) allow us to take it into
account conveniently.
This leads to a linear system. The second member
is entirely given by the knowledge of the external
incident field on the whole structure. Solving the system gives the Bν and Aν coefficients for each cylinder.
At this stage the field and the Poynting vector can be
computed everywhere.
This method does not take into account the air–
cream and the cream–substrate interfaces.
In order to use the calculation of the scattering by a
set of parallel cylinders, we have to separate the influence of the cream and the interface. To do so, we
calculate for the 15 images (Fig. 12), by the differential method, the transmission of the interfaces and
the transmission of the cream alone. We then compare the transmission of the whole system to the
transmission of the first interface (air/cream) multiplied by the transmission of the cream and the second interface (cream/substrate) (Fig. 18).
After having calculated the transmission through
the decomposed system, we compared to the
whole one. The error we found, defined by

Fig. 18. Decomposition of the whole system to simplify our model.

Fig. 19. Comparison between the differential method and scattering by parallel cylinders.

T decomposedsystem − T wholesystem ∕T decomposedsystem , was
close to 2%.
We can also notice that if the cream is protective
enough, the extinctions of the interfaces are negligible compared to the extinction of the cream alone.
The calculation by a set of parallel cylinders gives
identical results to the differential method (Fig. 19)
and has the advantage to work faster: for the same
computer, instead of 130 h at the wavelength of
290 nm, it takes approximately 3 h.
C.

Mie Scattering

Mie theory, describing the scattering of light by a
sphere, is another possible approach. This method
calculates the transmission of a single sphere inside
a linear, homogeneous, and isotropic medium.
Asolutionofthe Helmholtzequation[Eq.(3)],written
in polar coordinates, can be expressed by separation of
variables f  f 1 Rf 2 θf 3 φ, with f the electric or
magnetic field, R the radial coordinate, θ and φ the
angular coordinates, and k the wavenumber.
We obtain one equation per function:

As Mie scattering considers only one particle, we
have to assume that there will not be any interaction
between the particles; that is to say, we have to presume that only single scattering is involved. That is
the case if we have few particles (Fig. 16). Multiple
scattering can be expressed using several models,
such as the multiple sphere T-matrix method [21]
and the general multi-particle Mie [22]. We will
not discuss these models in this paper.
If there is no multiple scattering, we can express
the extinction of a bunch of particles using the extinction of one particle. To do so, we calculate a loss coefficient α, which will quantify the amount of lost
energy light per nanometers:
α  Nπa2 A  S;

(12)

where N is the number of particles per nm3, a the
sphere radius, A the absorption of one particle,
and S the backscattering of one particle. The α coefficient is then multiplied by every height of the images (expressed in nanometers) to obtain the global
extinction.
We can compare the results obtained by Mie theory
and the differential method (Figs. 20 and 21)
The results we obtain are close to the differential
method, but it is limited to the case of single scattering, which can be restrictive. The advantage of Mie

• f 1 : a Bessel’s equation
• f 2 : a Legendre’s equation
• f 3 : an harmonic equation
Using these equations, the electric field Es in the
far field, can be expressed as [19,20]
E s  E0

∞
X
n1

iν

2ν  1 d
a M − ibdν N:
νν  1 ν

(9)

Fig. 20. Comparison between the extinction by the differential
method and by Mie scattering. We verified that the mass fraction
is below the multiple scattering point as we saw in Fig. 16. Note
that Mie scattering is a 3D method whereas the differential
method is a 2D one.

Es is the scattering field, E0 the incident field,
M and N are two vectors which can be expressed using the solutions of the equations of f 1, f 2 , and f 3 . adν
and bdν are constants whose depends on two key
parameters:
q1 

2π
n a;
λ 1

(10)

q2 

2π
n a;
λ 2

(11)

where n1 and n2 are the refractive index of the particle and the medium, respectively, and a is the
sphere radius.

Fig. 21. Comparison between the extinction by the differential
method and by Mie scattering for two particles. Above 350 nm
TiO2 particles scatters in multiple scattering, so the two methods
do not match.
1 October 2014 / Vol. 53, No. 28 / APPLIED OPTICS

6543

theory is the calculation time (with the same
computer, it takes approximately 2 min at a wavelength of 290 nm). Moreover, this method is a 3D
method, which is why it can model more type of materials (metals, for example). The results shown also
validate that for dielectric particles a 2D model allows us to obtain qualitative extinction modeling.
5. Examples

We illustrate the methods described previously with
specific examples.
A.

Cream Distribution

The cream distribution is deduced from OCT crosscuts. We have calculated the transmission using
the images (Fig. 12).
We have also calculated the transmission of a
cream perfectly distributed, which is to say the
height of the sunscreen is a constant, regardless of
the localization (Fig. 22). The height of the sunscreen
is determined so that the quantity of cream is the
same as in the distribution from OCT cross-cuts.
We can then calculate the sunscreen transmission by
using the differential method or Beer–Lambert law.
Note that Beer–Lambert law is faster but does not take
into account the surface scattering. We obtain, using
the differential method, a protection better in the case
of a sunscreen perfectly distributed (Fig. 23).

Fig. 22. Passage from a distribution obtained with a OCT crosscut to a cream perfectly distributed.

Fig. 23. Transmission, using the differential method, of the 15 images depending on the cream distribution. The wavelength is 320 nm
and the sunscreen is the same as that used in Figs. 10 and 13.
6544
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The global extinction we obtain in our example is
1.39 in the case of the real sunscreen and 1.94 in the
case of the cream perfectly distributed, showing the
importance of the distribution of the cream. We can
note (Fig. 23) that the transmission varies a lot from
one image to another (from 2.10−8 to 0.15). The standard deviation is equal to 0.05 in the case of images
from the OCT device and 0.02 in a cream perfectly
distributed.
B. Size of the Particles

When the filters are particles, the size of the scatterers is an important parameter: at a constant concentration, the size of the particles determines the
number of particles (Fig. 24) but also changes the
quantity of light scattered per particle.
Consequently, the UV protection varies with the
particles diameters. We can calculate the variation
by using the differential method or the scattering
by a set of parallel cylinders (Fig. 25). The second
method gives faster results.
C.

Substrate

In order to measure the SPF in vitro, the sunscreen is
applied on a PMMA plate. However, in vivo, the sunscreen is applied on the uppermost layer of the skin,
the stratum corneum.
In order to model the extinction in vivo, we change
the substrate. The PMMA plate is substituted by
cells of the following refractive index: the cell interior
is 1.34 whereas the intercellular matrix is 1.47 [23].
The absorption coefficient of the stratum corneum is

Fig. 24. Three images of the same quantity of TiO2 but with different sizes. As we kept constant the concentration of TiO2 , the
number of scatterers is different.

Fig. 25. Extinction of three particles of TiO2. Their sizes are described in Fig. 24.
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